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Research Articles

MORE TRIANGUIAR NUMBER R.ESULTst

BRUCE BRANDV
ABsTRACT
I define an increasing function from trianguJar numbers to triangular numbers and prove it preserves <J. I
conjecture that whether a triangular number is in the image of this function is related to the magnitude of cr
on the triangular number. Parallel theorems and conjectures exist for pentagonaJ numbers. I also make
conjectures about the partial sums of cr on the triangular numbers aJong with a conjecture about the sums
of absolute values of -r on the squares.

In previous papers I discussed various patterns
found in <J on the triangular numbers (Brandt, 1994a
and 1994b). The function cr is defined as cr(n) =
n - m2, where m 2 is the nearest square to n, and the
nth triangular number is tn = n(n+l)/2. In this paper I
further explore cr on the triangular numbers.
Let I be the function from the triangular numbers
to the triangular numbers defined recursively as:
{1} 1(0) = 1.
12} If cr(tn) < 0 and cr(tn+l) > 0, then ICtn+l) is the
third triangular number after I(t~.
(3) If it is not the case that both cr(tn) < 0 and
cr(tn+J) > 0, then 1(~+ 1) is the seventh triangular
number after I(tn).
The first several values of I on the tn are listed in
Table I.
THEOREM: cr(t0 ) =- cr(I(t0 ) )

Sketch of Proof First, it can be verified that
cr(tn) < 0 and cr(tn+t) > 0 if and onJy if the nearest
squares to tn and to tn+l are the same.
We proceed by induction on n. The inductive
hypothesis is that if I(tn) = tN, and m 2 and M2 are the
closest squares to tn and tN, respectively, then not only
14) tn-m 2 = tN-M 2 ,
but also
15) tn+l - m2 = t +3 - (M + 2) 2 ,
and
16) tn+l - (m + 1) 2 = tN+l - (M + 5) 2 .
The inductive hypothesis can be verified for the
initial (n, m, N, M) = (0, 0, 1, 1).
Let us assume the inductive hypothesis holds for a
certain n. If m2 is the closest square to tn+J• then 15)
implies (M + 2) 2 is the closest square to tN+3. This is
because tN+3 is larger than tn+l and they are the same
signed distance from the respective squares. Thus
<J(tn+l) = cr(tN+3). Because, according to the definition
of I, I(tn+l) = t +3, equation 14} fo r the next n follows .

Table I: The First 21 Values of I
~

<J(tn)

I Ct0 )

0
1
3
6

0
0
-1
2

1
36
120
171
325
528
780
903
1225
1596
1770
2211
2701
3240

10

1

15
21
28
36
45
55
66
78
91
105
120
136
153
171
190
210

-1
-4
3
0
-4

6
2
-3
-9
5
-1

-8
7
2
-6
14

3486
4095
4753
5050
5778
6555
6903

On the other hand, suppose Cm + 1) 2 is the closest
square to cn+l (the only other possibility). Then, as
before, (6) implies (M + 5) 2 is the closest square co tN+l·
This is because tN+l is larger than cn+l and they are the
same signed distance from the respective squares.
Thus cr(tn+l) = cr(tN+ 7) . Because, according co the
definition of I, I(tn+l) = tN+l• equation {4) for the next
n follows .
ow we must show that {4) for a given n implies
151 and 16}. In the process of showing 14} through 16) for
one n imply 14} for the next n, we have shown that
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when (n, m) is augmented by (1, 0), (N, M) is
augmented by (3, 2). Similarly, when (n, m) is
augmented by (1 ,1), (N, M) is augmented by (7, 5). It
suffices to notice that when (n, m, N, M) is augmented
by either (1, 0, 3, 2) or (1, 1, 7, 5), equation (5\ minus
equation (4), or equation 16) minus equation 14), are
preserved.
The function I a I on tn in the image of I will be
smaller than I a I on the neighboring triangular
numbers. This can be made precise:
Conjecture: A triangular number tn is in the image
of I if and only if
I cr(tn) I < -rt;; /(3+ 2 ✓2)
(The constant, 3 + 2✓
2, is important in the
calculation of triangular squares by means of a Pell
equatio_n.)
If we investigate the tn between adjacent triangular
numbers in the image of I, we find many patterns
concerning the sign and magnitude of a , and the sum
of a over various kinds of tn (where tn are classified
according co their position between adjacent triangular
numbers in the image of I). It seems that these
considerations would lead to proofs of some of my
conjectures; for example, the sum of cr over triangular
numbers between two triangular squares is zero .
Assuming the above conjecture, define mk as the
number of ~ which are not in the image of I such that
cr(tn) = k. Thus, mk is the number of tn between
adjacent triangular squares such that cr(tn) = k, if
the large r triangular square is at least ((3 + 2✓2)k) 2 . (If
k = 0, "between adjacent triangular squares" must
include exactly one of the triangular squares.)
Conjecture: The number mk is of odd parity if and
o nly if k is triangular. In particular, if k < 0, mk is even.
Assuming the previous conjecture, I have verified this
conjecture for I k I :5 20.
To see how well these statements generalize to
quadratic functions , let us examine their analogs for a
on the pentagonal numbers , Pn = n(3n-l)/ 2.
In the case of pentagonal numbers, unlike squares
and triangu lar numbers, negative n result in different
Pn than positive ones. We must consider the Pn to be
ordered by their indices, and in that sense let I be
decreasing, where:
17) 1(0) = 1.
{8) If I(pn) = PN, and there is a square between the
nearest squares to Pn and Pn+l • then l(Pn+J) = pN_ 13 .
{9) If I(pn) = p , and there is no square between
the nearest squares to Pn and Pn+l then l(Pn+J) = pN_ 9 .
These statements determine l(pn) for all intege rs n.

is odd if and only if k = 0, 1, 2, 5, 7. These are the
pentagonal numbers Pn for -2 :5 n :5 2.
I have also discovered more patterns concerning
cr on the triangular numbers unrelated to I. Define the
functions l:cr, I:I:cr, and I:I:I:a on the triangular
numbers as follows. Let fu(tn) be the sum of cr on all
the triangular numbers up to and including tn; let
I:fu(tn) be the sum of fu on all the triangular
numbers up to and including tn; and let I:I:fu(tn) be
the sum of I:I:a on all the triangular numbers up to
and including tn . As before, an "anti-square" is a
number of the form m 2 + m , that is, twice a triangular
number.
These patterns appear:
If tn is a triangular square, not only is fu(tn) zero
(Brandt 1994a); so is I:I:cr(tn) .
If tn is a triangular anti-square, then we not only
have
fu(tn) = cr(tn)/2
(as implied in (Brandt 1994a)), but also
I:I:a(tn) = -cr(t0 )(cr(tn)-2)/ 6
Between adjacent triangular squares, there is
exactly one en such that I:fu(tn) = 0, besides triangular
squares and the two immediately preceding triangular
numbers. For such tn, fu(tn) is alternately a square or
twice a square .
There is even a pattern on :E:Efu. If k 2, n 2, and m 2
are consecutive triangular squares, then
n 2 = (3/ 2) ((LI:Lcr(m 2))/m) - ((LI:fu(k2))/k)
One more observation: consider t , defined as t(n)
= n - t011 where tm is the closest triangular number to
n. This function is well-defined on the squares. The
sum of the absolute values of t on the squares
be tween two adjacent triangular squares is the
triangular a nti-square between them . The sum of the
absolute values of t on the squares between two
adjacent triangular anti-squares is the triangular square
between them .
I have verified the patterns about partial sums of
cr and those about t , computjng sums up to the eighth
positive triangular anti-square, which is 323015470680.
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THEOREM: cr(p 0 ) = cr(I(p 0 ) )

The proof is analogous to the case of triangular
numbe rs. The negative n in p 0 also come into play
whe n we consider the parity of mk . For I k I :5 10, mk
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